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Abstract. A fully algebraic general approach is developed to treat the pairs 
emission and absorption in the presence of some uniform external background 
field. In particular, it is shown that the pairs production and annihilation 
operators, together with the pairs number operator, do actually fulfill the SU(2) 
functional Lie algebra. As an example of application, the celebrated Schwinger 
formula is consistently and nicely recovered, within this novel approach, for a 
Dirac spinor field in the presence of a constant and homogeneous electric field in 
four spacetime dimensions. 
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1. Introduction 

Soon after the discovery of the relativistic Dirac equation [T it was quickly reahzed 
[U [3] that electron positron pairs might have been produced out of the vacuum by 
e.g. a constant homogeneous very strong electric field. Later on Julian Schwinger 
succeeded in retrieving [4] the electron positron pairs creation rate per unit time and 
volume, by exploiting the proper time method and the analytic continuation from the 
four dimensional Minkowski spacetime to the euclidean space. Since then, on the one 
hand, a huge amount of work, papers and monographies on this subject has been put 
forward 0161 [7]. On the other hand, the experimental probe of the famous Schwinger 
formula for the electron positron pairs creation rate is still lacking nowadays, because 
of the very large value of the corresponding electric field strength critical scale [8]. 
Nonetheless, it has been quite recently suggested '9' that in the pseudorelativistic 
planar QED effective model for graphene, the detectable emission of massless Dirac 
quasiparticles antiquasiparticles pairs might occur. 

Surprisingly enough, it was only after nearly twenty years, since the seminal 
Schwinger article, that the exact solutions of the Dirac equation in the presence of 
a uniform electric field was obtained by Nikishov [10] . In this remarkable paper [J 
as well as within some subsequent ones arguments have been put forward to 
reobtain the Schwinger formula for the electron positron pairs creation rate from the 
knowledge of the nonperturbative exact solutions of the Dirac equation in a constant 
and homogeneous electric field. However, although physically and heuristically well 
posed, those arguments do not appear, at least in my opinion, to be completely 
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developed and fully convincing from the modern field theoretical point of view. It 
is the main target of the present paper to fill this gap. 

It is worthwhile to remark that those exact solutions of the Dirac equation are 
nonstationary. This is because of the gauge choice, which renders the problem exactly 
solvable, but is such that the ensuing Dirac hamiltonian becomes time dependent. 
Moreover, those exact solutions are truly nonperturbative in the sense that there is 
no asymptotic regime in which they reduce to the free field plane wave solutions, just 
because a uniform electric field is never negligible. As a consequence, it turns out that 
the asymptotic states and fields can never be identified with the conventional ones 
which are solutions of a the free field theory without external fields. 

It is the aim of the present paper to reformulate the pairs emission and absorption 
issue in a purely algebraic context based upon the canonical quantization in the 
presence of background, external, uniform fields. This algebraic approach is quite 
general for it does not rely on the specific form of the Dirac equation and of the 
uniform field. For example, it might be used to describe matter production in a 
constant gravitational field, or the Unruh effect [12] in a Rindler spacetime. 

The main feature of this approach lies in the fact that the pairs creation, the pairs 
destruction and the pairs number operator do realize a representation of the functional 
SU(2) Lie algebra. This idea is not new, since it dates back to the seminal paper by 
Marinov and Popov [T3], in which a group theoretical approach to the problem of 
pair creation in a time dependent electric field has been developed. However, it is 
my aim to fully develop this approach, in the modern language of quantum field 
theory and in a rigorous way, taking the massive Dirac field in a constant electric 
field as a paradigmatic example. This allows in turn to understand the Bogolyubov 
transformations |14| as similarity transformations acting upon the Fock space of the 
states, while the vacuum state will correspond to a coherent state d la Dirac [1] with 
an infinite sea of pairs. In so doing, the Schwinger formula will nicely appear to be 
the vacuum expectation value of an operator which represents a complex functional 
rotation around a fixed axis. 

For the sake of clarity and to provide a paradigmatic example, in the first two 
sections I will provide a short overview for the solutions of the Dirac equation in 
the presence of a constant homogeneous electric field on the Minkowski spacetime, 
as well as the canonical quantization of the Dirac field and the ensuing derivation of 
the Schwinger formula. In so doing, I will establish my notations and conventions. 
Then in section |4] the algebraic approach will be developed and all the formulas will 
be checked in terms of the four dimensional spinor QED with a uniform electric field. 
Finally, a short discussion of the concluding remarks will be attempted. 

2. Exact Solutions of the Dirac Equation 

In this Section I briefiy review the structure of the nonstationary (time dependent) 
exact (nonperturbative) solutions of the Dirac equation, in the presence of a constant 
and homogeneous electric field on the four dimensional Minkowski spacetime. I will 
use the metric g = diag [+,—,—, — ] , natural units S = c = 1 and the ordinary 
or standard representation for the Dirac matrices [15) . The Dirac equation can be 

§ In the literature, unfortunately, there are several authors that roughly and wrongly disregard this 
crucial feature and come unavoidably to incorrect conclusions. 
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written either in the covariant form 

{i^ + e4- M)^{x) = (7^P^ - Af)*(a;) = (1) 

where 9 = — e (e > 0) is the negative electron charge and = = {idt , — iV) 

idf^ + eAfj,{x) is the usual abelian covariant derivative, or 



f,-qAf,{x) 
d la Schrodinger, viz., 



while = p 



H = -eAa + a^P'' +/3M 



(2) 



in which we have set as it is customary 



zV + eA 



If we assume the electrostatic field towards the positive OX axis, that means 
F^^ = Fqi = Ex = E > 0, after setting = {t,r) — {t,x,y,z) , we get the time 
dependent hamiltonian in the Nikishov [10^ temporal gauge [jj] A^^ = (0, —Et, 0, 0) 

Ht = -{idx + eEt) -idya^ - id^ + M/3 (3) 

which turns out to be a symmetric operator but does not allow for stationary states. 
It follows that the first order Dirac operators read 

idt ± M idz iDx + d,. 



i^ + e4 ± M 





idt ± M iDx - dy 

—idz —iDx — dy —idt ± M 
-iDx + dy idz 



-idz 


-idt ± M 



(4) 



where = dx — ieEt , whilst the related second order differential operator turns out 
to be 



{ip+ e4+ M) {ip+ e^- M) = - + ea'^'^F^^ 



(5) 



where a'^'^ = (i/4:)[j^,'j'^] so that the 2nd order differential operator becomes 

{ip+ e4+ M) {ip+ e^- M) = - + ea'"'F^^ 

= -dj - + {dx - ieEtf + dl + dl + ieE (6) 

It is convenient to obtain the solution of the Dirac equation from the second order 
equation 

(p2_M2 + ea'^'^F^,)/(a;)T = (7) 

where f{x) is a Lorentz invariant complex scalar function, while T is one of the 
constant eigenbispinors of the matrix 

r 1 ^ 

ea^'^F^^ leEa^ = ieE | ^ j 



= ieE 



10 
10 
10 



(8) 



Since the above matrix commutes with the matrix of the spin component along the 
direction of the electrostatic field, i.e.. 



[a^ Si] = 



Si - ^ 



2*7V = 2 



I { CJx ] 

Ho J 



(9) 



II Actually, the Nikishov temporal gauge is a particular case of the general Fock-Schwinger gauge 
choice A ^ = i F x P . 
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(11) 



which satisfy the orthonormality and completeness relations 



T 



t 



(12) 

±-.± Ti/3T; = (r,s=n) (13) 

On the one hand, the bispinors of the first couple {^'^(x) \ r =^4-} i corresponding 
to the eigenvalue +iei? , are mutually orthogonal and can be determined from the 
relationship 

vl/;(a;)-(j^ + e4+M) /(a;)T; (r=n) (14) 

On the other hand, the bispinors of the second couple {^"Lix) \ r =ti} , related to the 
eigenvalue —ieE, are in turn mutually orthogonal and are constructed according to 

*I(x) = {i(^ + e^+M) f*{x)T'L 

= {t^ + eM M) P T; /* (x) ( r = n ) (15) 

From eq. ([7]) we obtain the second order differential equation for the eigenvalue +ieE 
and the scalar functions f{x) which reads 

[ + Af2 _ (d^ - ieEtf -dl-dl- ieE ] f{x)=0 (16) 

so that, after turning to the momentum space 



fix) = fit, r) = (2^)-3/2 / dp exp{z p • r} f{t, p) 



= (27r)-3/2y dp exp{^p'^x''}f{t,p\p^p') 

we eventually obtain, with ipx,Py,Pz) = (p^,P^,P^) , 

[df + + ip, - eEtf +pI+pI- leE] f{t, p) = 
It is convenient to introduce the dimensionless quantities 

eEt . pI +pI + AP 



Px 



A 



(17) 
(18) 
(19) 



/eE ' eE 
so that we can rewrite the above equation in the standard form 
(9| + ?2 + A-z) 7(e,A)=0 

It can be verified (see the appendix) that the forthcoming two couples of linearly 
independent solutions of the above equation actually occur and read 

/i^)(±z-) = i?a/2[±(l-*)C] (20) 

/i')(±z+)=I?_,V2-i[±(l + 0^] (21) 
z± = (l±^)^-z; (22) 

where D^iz) are the parabolic cylinder functions. 
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In order to construct the true physically relevant solutions of the first order Dirac 
problem, we have to take carefully into account the physical content of the parabolic 
cylinder functions, according to their asymptotic behaviour [T2] - see the Appendix. 
Namely, to a given particle of momentum p we shall associate the moving wave fronts, 
i.e., the surfaces of stationary phases 

exp{i0-|-(t, r)} = expjip • r ± = constant 

Then, in so doing, the temporal evolution is provided by 

idt exp{i(j)±{t,r)} = -(/)±(t, r) exp{i(f>±{t,r)} = T£.{t) '^feE exp{i(?!)±(t, r)} 

in such a manner that the phase factors 0±(i,r) lead to positive frequency solutions 
when t — )■ =Foo that will describe, according to the free field theory jargon, the 
particles of given momentum p and negative charge ( — e) . 

The normalized solutions of the original first order Dirac equation can be obtained 
either from eq. or from eq. ([T5|) . the final achievement being the same. The 
result is that we can definitely build up two complete orthonormal sets of in-states: 
namely, Mp, \ (t, r) , describing incoming electrons of momentum p and helicity r while 
fp, r (t, r) will describe incoming positrons of momentum p and helicity r respectively. 
Analogously, we can in turn construct the complete orthonormal sets of out-states : 
■Up^r {t, r) , describing outgoing electrons of momentum p and helicity r and v^l (t, r) , 
which describe outgoing positrons of momentum p and helicity r respectively. Taking 
all of that into account we have 



(7^P^ + M)exp{ip-r} = 



after setting 



'eE idj 


Pz 



M 



iPy 





-VeEid^ + M 
i\feE - ipy 



-Pz 

eE id^ 




iPy 
'M 



eE- 

Pz 



eE id(^ 



ipy 



M 



idt = -VeEid^ = -VeE{l±i) 



id 
dz± 



EE T1 



we immediately obtain 
and from the recursive relations 

(e+ide)z?,;,/2 (± 

we eventually find 



M)tI = MTliw) - rlv^i^ 



zd^) 

ZD = {py + ip^ )/M 



ThX{l-i)D 



iA/2-l 



(±Z_) 



(23) 
(24) 

(25) 



(±z_) 



MD,^^2 (±^-) ± i A (1 - z) V^D,^/2-i (± Z-) r] 



In a quite analogous way we obtain 

(7^P^ +M)Tj: ^ MT^{zu) - Ti\/^(^- 



zde) 



(26) 
(27) 
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and consequently 

Tiiuj) MD,)^/2 (±z-) ± ^ A (1 - i)^D,)^/2-i (± z^) Ti 

It follows therefrom that the bispinor solutions which describe an incoming electron 
can be written as ( r = |) 

u'^^^{t,Y) ^ [Aei;(27r)3]-i/2 expjip-r- IttA} 

X {T;(tn) MD,^/2 + i A (1 - z) ^/^D,^/2-l Tl} 

whilst the bispinor solutions which describe an outgoing positron read 

v°^^^{t,v) = [Ae£;(27r)3]-i/2 exp{^p•r- i^A} 

X {tIM (- Z-) - i A (1 - i)V^D,^,.2-i (- Z-) T:} 

Notice that we actually obtain the standard normalization ( r, s = |) 

j drs;;;,(i,r)/3wi;%(i,r)=<5(p-q)5,, = j Av v°^J,{t,v) p v°^^,{t,v) (28) 

A closely similar construction can be done to set up the bispinor solutions which 
describe incoming positrons and outgoing electrons respectively. As a matter of fact, 
from the other linearly independent solutions (|2ip we get 

(7'^F^+M)T;Z?_,a/2-i(±^+) = 

T;(tu) MD _,;,/2-i {±z+)tV7eD _a/2 (± z+) T: (29) 

where use has been made of the recursive relation 

U + id^)D _a/2-i (± z+) ^±{l~i)D „a/2 (± z+) 

so that we eventually obtain the following list of incoming and outgoing bispinor 
solutions of the Dirac equation ([1]) with a given momentum and polarization 

u'^^^{t,Y) = [Aei;(27r)3]-i/2 expjip.r- iTTA} 
X [Tl{nJ)MD,^/2{z-) + \\{l~^)^/^D,^/2-l{z-)l:L] (30) 

v'^^,{t,v) - [2eii;(2^)3]-V2exp{zp.r- i^A} 

X Mi?_,A/2-i {z+) - i?_,A/2 {z+) } (31) 

ul^^At,r) = [2eii;(2^)3]-V2exp{zp.r- IttA} 

X {T;(tn)Mi?„,A/2-i(-^+)+ (l-i)y^i?_a/2(-^+)Tl} (32) 
?;°';*(t,r) = [Aei;(27r)3]-i/2 expjip.r- IttA} 

X {t; (tn) Af a/2 (-^-)-iA(l-z)V^i? a/2-1 (-^-)Tr} (33) 

By looking at the asymptotic behaviour of the parabolic cylinder functions - see 
the appendix - one obtains the following result, in accordance with the previously 
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discussed meaning of the positive and negative frequencies solutions: namely, 

M[2e{t)] 



V[Ae£;(27r)3 



V[2e£;(27r)3] 



- exp {i p • r - 






■> - oo ) 


(34) 


exp {i p • r — 


kieit) + lni} 


(t- 


> -oo) 


(35) 


expjip • r - 


.^^ieit)-\ni} 


{t- 


^ +00) 


(36) 


- exp {i p • r - 




(t- 


+00) 


(37) 



V[Ae£;(27r)3] 

The two sets of incoming and outgoing bispinor wave functions of definite 
momentum and polarization 

{"Ir,.;^" J^l^r^;^':^} (p,qeIR^ r,s=t4) (38) 

turns out to be orthonormal and complete in the generalized sense, i.e. in the sense 
of the theory of the tempered distributions. Thus they represent the bases in the 
Hilbert spaces ™ and Sj °"* of the Dirac bispinors in the presence of an electrostatic 
background field. As a matter of fact, we can readily verify that the scalar products 
are time independent owing to the self-adjointness of the 1-particle Dirac hamiltonian 
Ht so that 

= dip-cD6rs = {u°^^^,ul^^,) (39) 
«r,<s) = Jdvv'l,{t,v)pv'^^At,v) 

= ^(p-q)5., = (<':^<^*,) (40) 
Notice that we can also immediately obtain that 

{<s,<r)^ ldru'^^^{t,r)l3v'^Jt,r)=0 (41) 

(vTs ' <'r) ^ /dr f;°':yt,r)/3^i°"V(i,r) = (42) 

which means that the positive and negative frequency solutions of the Dirac equations 
arc mutually orthogonal. Moreover, it is straightforward although tedious to check by 
direct inspection the equal time closure relations 

where we have set for the sake of brevity 

p , r r = tJ. 

while stands for either or . As a consequence, we can write in the very same 
way the most general operator solutions of the Dirac equation as follows: namely, 

V(a;)=E [aas(p,r)u^%(a;)+6i(p,r)^;-,(a:)] (44) 
V'W=E [«is(P>Owp,r(a;)+^>as(p,r)t);%(a;)] (45) 

P ) 



Canonical quantization with background fields 



where the creation and destruction operators satisfy the canonical anticommutation 
relations 

all the other anticommutators being equal to zero. From the closure relations (|43l) we 
can easily derive the canonical equal time anticommutation relations 

m, r'), i^{t, r)} = ^ [ {t, r') u l\ , [t, r) + {t, r') . (i, r) ] = /3 S{r ~ r') 
p 1 ^ 

Accordingly, the causal Green's function, or Feynman propagator, for the Dirac spinor 
under the influence of a background electrostatic homogeneous field has been firstly 
reported in Ref. [TO] in full detail. 

This means that we have to introduce the Fock spaces for the incoming 
and outgoing particles and antiparticles. For example, starting from the in-vacuum 
I in ) one can generate as usual the 1-particle state of charge — e momentum p and 
polarization s =^1 describing an incoming electron, viz., 

ain(P>s)|Oin) = | - ps in) 

the corresponding wave function being u™ ^(i, r) . All the other 1-particle and many 
particle states for incoming and outgoing electrons and positrons can be constructed in 
close analogy. It follows therefrom that the charge operator, the momentum operator 
and the helicity operator, i.e. the projection of the spin angular momentum along the 
electric field direction, will correspond to the customary expressions 



Q = 



(-e) J dr : -ip^t^r) ■)p{t,r) : 

(-e)^ [a'l'(p,r)a(p,r) - b'^ (p ,r) b {p ,r)] 



P ) ^ 



(-i) J dr : 'iJj^t,r)V ip{t,r) : 

P [aHP,r)a{p,r)-b^{p,r)b{p,r)] 



(46) 



(47) 



P 7 ^ 



da; : ■(/'^(^i ^) V'(^j ^) 



dp a''{p,t)a{pA)-a''{p,l)a{p,i) 



+ bHpA)bipA)-b^{p,i)b{p,i) 
where the suffix ™ or is understood. 



(48) 



Let us now turn to the calculation of the invariant inner product between the 
wave functions of an incoming electron with quantum numbers p , r and of an outgoing 
positron of quantum numbers q , s : we find 



dr z;^'. (t, r) 13 u'^^, (t, r) = c" ^^/^ Sip - q) 5, 



and analogously 



/ 



(5(p- q)(5. 



(49) 
(50) 
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so that we can write in a compact way 

( < . , ^p"V ) = e- s[p - q) Sr. = ( , , ) (51) 
Vp,q e , r,s=U 

The above equahty has led Nikishov [10] to the attempt of understanding the real 
positive quantity 

wx = exp{- 7r{pl+pl + )/eE} < wa < 1 

as the probability of creating out of the vacuum one electron positron pair, in which 
the particle and the antiparticle have opposite good quantum numbers ( =F e , p, r ) . 
This intringuing interpretation is supported by the fact that indeed we have 

(«r-^P-) = SrsS{p-<i)Nx (52) 
where we have set 

Nx ^ exp{-^A/4} ''''^T ^^^^ 

Now, since we find 

A^AA^A* = l-e-'^^ = l-u;A 

it is natural to understand the complex quantity A^a as the probability amplitude 
that one pair, in which the particle and the antiparticle have opposite quantum 
numbers (=Fe,p,r), is not created out of the vacuum by absorbing energy from 
the electrostatic external field. Actually, in fact, it is also straightforward to verify 
that for positrons we get 

J dr z;""*, {t, r)f3v'^^At, r) = A^a* '^(p - q) Srs (54) 

thus providing the full endorsement to the whole construction. By the way, it is 
apparent that the probability amplitudes for the absorption and nonabsorption of one 
pair ( =p e , p, r ) , are still expressed by w\ and 1 — wx respectively, owing to obvious 
symmetry reasons. 

3. Pairs Production Annihilation Mechanism 

Here I would like to shortly discuss how, according to the Nikishov's original proposal 
|10] . one can try to recover the Schwinger formula for the rate of pairs emission and 
absorption, per unit time and unit volume, from the knowledge of the exact solutions 
of the Dirac equation. As we shall see here below, this attempt is not at all flawless, 
because of the presence of divergences and the consequent unavoidable introduction of 
some regularisation method. To this concern, it is useful to perform the Bogolyubov 
transformations connecting the incoming and outgoing complete orthonormal sets 
of the exact nonperturbative solutions of the Dirac equation in the presence of the 
homogeneous electrostatic field. 

The above four sets psp of incoming and outgoing solutions are indeed related 
throughout a Bogolyubov transformation, that is 

"p,r=CiAU°^V + C2At'p^V (55) 

Vp,r=c*2xul-'^ + c\,v;-,\ (56) 
|cia|' + |c2a|' = 1 (57) 
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We have 

(^r- "q,J =^A^(p-q)5.a (58) 

(<"V,<%)=A^A'5(p-q)<5.. (59) 

(«p"V,<%) =c^P{-3'^M <5(p-q)<5,, = («;;'^,,<"*,) (60) 
Then, using the above hsted orthonorniahty relations, we immediately find 

cix^Nx C2A = exp {- i vrA} = (61) 



In turn, the relative probability of a pair production will be coherently given by 
wx = 1- |A^Ap = c2^ = exp{-7rA} 

The vacuum to vacuum persistence amplitude can be written in the form - see also 
the recent up to date review ^7j, 

(outO|Oin) =exp|^[5Rereff(£;)+i5mreff(£;)]| (62) 

|(outO|Oin) |2 = exp{-2V(tj: -t,)5m£eff(£^)} (63) 

where Ccs{E) is referred to as the effective lagrangian density in the presence of a 
background electrostatic field E , whereas t/ — t i does indicate the very long total time 
during which the pairs production or annihilation takes place, while V denotes the 
total volume of e.g. a very large cubic box of sides L^, Ly, in the three dimensional 
space. Needless to say, the very large dimensional quantities t^ — t^ and V are in 
fact infrared divergences. It turns out that Fcff (-E) contains a real part that describes 
dispersive effects like the Faraday's birifringence, as well as an imaginary part that 
concerns absorbitive effects like vacuum pairs production. 

Now, according to the above described interpretation, the absolute probability 
for no pairs creation will be thereof given by the formal, divergent expression 

|(out0|0in)|2= Y{NxNl^Y{{l-e--^f 

k , r k 

= exp{2^kln(l-e--^)} (64) 
where the mandatory dimensionless spatial vector index 

k = {pxL^/2n ,pyLy/2'K ,p:,L,/2ii) 
has been introduced to vindicate the probabilistic interpretation with 

^ ^ V„ (27r)-« / dp 

k 

Notice that when the electric field is switched off then wx ^ Q and consequently the 
vacuum to vacuum probability becomes trivially equal to one. It is important to realize 
that the validity of the above relation ([M)) stems from the natural assumption that 
the production and the destruction of any two pairs with different quantum numbers 
are statistically independent events. Now we find 

/oo 
dpx 
-oo 

dpy / dp. In ( 1 - exp{- Tr{pl + pj + )/eE} ) (65) 

-OO J — OO 
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which is, as it stands, an ih defined expression owing to the infrared (large volume) 
and ultraviolet (large longitudinal momentum p^.) divergences. The latter one can be 
expressed in terms of the large total time during which the process of pairs emission 
or absorption takes place: namely, 

/oo 
dPx = eE{tf - t,j) 

what corresponds to a suitable ultraviolet regularisation because, in the presence of 
a uniform field, this time interval is arbitrarily long. To sum up, we can express the 
total absolute probability of pairs production out of the vacuum (or pairs absorption 
into the vacuum) as 



Impairs = 1- |(outO|Oin)|" 

= l-exp|-^3mreff(S) 

« |v(t/-t,)3m/:eff(S) (66) 

in which we have taken into account that the quantity Q'mrcft(i?)/?i is tipically very 
small for massive particle antiparticle pairs. Hence, the average probability of pairs 
production per unit volume and unit time is approximately given by 

rpairs = Impairs [V(t;-t,)]-l « ^'^,XlL,^{E) 



eE 

47^3 
7-i9 oo 



/oo /-oo 
dpy I dpz In (1 — cxp {— vrA}) 
-oo J — oo 



n— 1 ^ ^ 

the nth term of the series being grosso modo understood to be the probability of the 
emission or absorpion of n pairs. From the above equation one can readily extract 
the value of the critical electrostatic field, above which the probability of production 
of e.g. electron positron pairs becomes appreciable: namely, 

£;„ = !4^~1.3x IQis V/m 
he 

which is far beyond the present experimental capabilities. Nonetheless it is worthwhile 
to observe to this concern, in accordance with refs. [5], that for massless charged spinor 
particle the approximation ^ F pairs ~ 3m£eff(-E') does not certainly hold true. This 
opens the interesting possibility to detect the pairs production and destruction in a 
two dimensional graphene sample. 

As a final remark, I recall that, as it is well known, the nonperturbative complex 
effective action can be rigorously derived from the euclidean formulation and the zeta 
function regularisation - see Appendix B. 



4. The Algebraic Approach 

In order to develop the most general algebraic approach to the pairs production and 
annihilation processes in the presence of an external background uniform field, it 
is convenient to introduce a multi- valued index i, j,1,k, . . . to label the whole set 
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O of discrete and continues quantum numbers that correspond to the conserved 
quantities of the system under consideration, but for the quantum number that 
distinguishes particles from antiparticles. For example, in the case of a spinor field in 
a constant homogeneous electric field on the four dimensional Minkowski spacetime 
we have i — (p,r) with p G , r ~ 1,2. From now on I will indicate with 
al , at (i G £}) the creation and destruction operators for particles of negative electric 
charge g = — e (e > 0) while bj , bj (j G £}) the corresponding operators for the 
antiparticles of positive electric charge e . 



4-1- Pairs Operators Algebra 

Consider the pairs annihilation and pairs production dimensionless operators 

n(z) = = 

nt(^) = 5^^,btat = ^^,nt (69) 

where we use the short notation 

E = / dpE--- (peK". n = l,2,3) 

whereas = z{p,r,...) are complex valued dimensionless functions and such that 
V„(27r)-"5^ z,z, = V, (n = 1,2,3) 

is a pure number that will be named the characteristic number of the given pairs 
distribution function z( p, r, . . . ) , while V„ is the volume of a very large cubic box in the 
nth dimensional cuclidean space. The creation and destruction operators for particles 
{&l , &j) and antiparticles (bj,bj) satisfy the usual canonical anticommutation 
relations 

{aj , aj = {bj, bj} = ^„ {t,j€Q) 
all the remaining ones being equal to zero. The Fock vacuum is defined as usual 

a,|0) =0 = (0|at b,|0) =0 = (0|bj (Vi € Q) (70) 

In a quite general manner, if we denote by Qa (a = 1,2, .... A) all the conserved 
charges of the system which are allowed by the background field configuration, i.e. 

Qa = ^qa(ala-j-hlhjj {a = 1,2, . . . , A) 

where e.g. Qa (a = 1,2,..., A) are the particle charges while — qa the antiparticle 
charges, then for any 1-pair state bj aj | 0) of definite quantum numbers ^ € we 
evidently find 

Q„btat|0)=0 (VieO, a=l,2,...,^) (71) 

More generally, from the commutation relations 

[Qa,'n{z)] = '^qa'^Zt[&laj-h]hj, a.^h,] 

= (-9a) X! ^»(a»t),+bja,) =0 (72) 
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which obviously also imply [ , 11 'I' (2) ] = ( o = 1 , 2, . . . , A ) , it follows that if we 
set 

nt(^)|0) ^ 1^-) (73) 

then we find 

Qa \z) = (a = L2,...,A) (74) 

which means that the generic 1-pair state of distribution function z{p,r,...) is a 
common null eigenstate of all the conserved charge operators. For example, in the 
case of Dirac spinors in the uniform electric field the conserved charges are the electric 
charge, the three components of momentum and the helicity, so that A = 5 . 

The pairs creation and annihilation operators satisfy the commutation relations 

[n(^),nt(^)] =^z,^z, [a,b.,btat] 



Y,z,J2zj (a, [b, , b] aj ] + [a, , bj aj ] b,) 
^z^Y,^l (a, aj - b] b,) (5y 

^0,^,(a,a+-btb,) = -2N{zz) (75) 



in which 



l<({zz)= ^ izjZj^^bJbj - a,aj^ 

= '^Z^Z^n^ = N^zz) 

= ^ i2;,z,(ata, + btb,) - ii/o (76) 

Finally for z/j e R ( e O ) we get 

\^{y),U{z)\ = ^^iz/j^^^jbtb. + aja, ,a,b,] 

= -^i^jZ^ajbt = -n(2z/) (77) 

[N(z/), nt(^)] = ^z/,^,bta+= U^uz) (78) 

It follows therefrom that the above three operators do satisfy the well known 
commutation relations 

[N(z/), nt(^)] = U^uz) 

[U{z),N{u)] = U{iyz) (79) 
[iL^z) , IL{z)] = 2N{zz) 

in which 

n^z) = J+{z) = J,{u) + iJyiv) (80) 
n(z) = J_(z) = J^(m) - i Jy(i;) (81) 
N(i/) = J(ui;) (82) 
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where the threesome of operators 

Mu) = i(n(z) + nt(z)) 

Jy{v)^l:{n\-z)-ILiz)) 

J,{uv)=N{iy) (83) 

are a basis of hermitean generators obeying the well known SU(2) Lie algebra 

[Ja{u) , Jb{v)] = ihSabcJciuv) ( a, 6, c = 1, 2, 3 ) (84) 

The quantum state \z) , that represents a generic 1-pair state with a momentum 
distribution function z^ {i & Q) does satisfy 

|^-) = nt(^)|o) (^| = (o|n(^) (85) 

and has the norm 

{z\z) = {0\ [n{z) , n t (z) ] I ) = - 2( I N{zz) \0) = iyo (86) 

4-2. The Schwinger Formula from the Algebraic Approach 

The general feature that characterizes the pairs production and annihilation processes 
in the presence of external background uniform fields is the existence of a nonsingular 
Bogolyubov similarity transformation <S , the generator of which is acting on the Fock 
space according to 

Aj = (S a J (S = c ij a J — c 2 J bj^ , , 

B; = 5-ibt5= ct,bt+C2.a, ^""^ 

where 

\CU\^ + \C2^\^ = 1 (VzeO) 

in such a manner that the canonical anticommutation relations 

{ A, , Bj'^ } = = { aj , bj'^ } , et cetera 

keep unchanged thanks to the similarity nature of the invertible transformation «S . It 
follows that wc come to the two Fock spaces 5 in and ^out which are generated by the 
cyclic vacuum states normalized to one and defined by 

a,|Oin) =bjOin) =0 (VzSQ) (88) 

AjlOout) =Bj|Oout) =0 (Vj€0) (89) 

Now we have for example 

A,aJ |0 in) = cua,aj |0 in) - c^^h^ a.1 |Oin) 

= V„(27r)-"cu |Oin)- c*2,nt|0in) (90) 

so that 

(inO|A,a|'|Oin) = V„(27r)-"cu (V«€0) (91) 

whence it follows that, as expected, the Bogolyubov coefficient cu is nothing but the 
probability amplitude that a pair of quantum numbers i e £} is not created out of 

the vacuum or not absorbed into the vacuum, i.e. the relative vacuum persistence 
probability density. In a similar way, by taking the in vacuum expectation value 

(27r)" V-^ in I n, A, at I in )= - 4, (27r)" V ( in | H t | in ) 

= - V„(2^)-"c*2, (VzeO) (92) 
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it is also clear that we can understand the Bogolyubov coefficient C2i as the probability 

amplitude that a pair of quantum numbers i G Q is created out of the vacuum or 
absorbed into the vacuum. To proceed further on, let me define 

S{0,n) = exp{-i0-T{z,z,iy)} (93) 

e-T{z,z,i^)= u^ez) + ii{ze) + 2N(6»i/) (94) 

where 9i {V £ eQ)isa real functional parameter, while the functional unit vector n, 
is related to the functional parameters Zi,z 1,1/1 through the relationship 

nl = z^z^ + vl = 1 (Vz e 0) 

For example, a suitable functional parametrization is provided by a pair of polar 
angles, latitude Oj and azimuth , in such a manner to set 

1^2 = cos 6 1 2;, = sin9, exp{— i(/>j} 

From the basic commutation relation 

[T{z,z,v),a,^] = -z^\)} -l>^&^ [T:{z,z,v) ,h}]= - z^&^ + v^h} (95) 

we readily obtain 

[T, [T,a,]] = a, [T , [T , bj ] ] = bj (96) 

As a consequence, we actually obtain the most general Bogolyubov transformations 
in the form 

A, =a, + i^,[T, a,] + i(i0O2[T, [t, a,]] + (i^O' [T, [T, [T, a,]]] 
+ ••• = (cos^?i — ii/j sin^j) aj — ibj ZjSin^j 

= ci,a, - cl^h\ (97) 
Bt=bt+i^,[T,bt] + i(ie,)2[T,[T,bt]] + i,(i0,)3[T,[T,[T,bt]]] 

+ ••• = (cos^j + iz/j sin^j) bj —ia,jZjSm6j 

= cl,h] + C2,a, (98) 

with 

Cij = cosOj ~ iv J su\9j = iZjSin6'j (99) 

rij = ZjZ^ + i/^ = 1 |cij|2 + \ c2j\'^ = 1 

It follows thereby that the functional unitary operator 

sie,z,u)=s{e,ii) = s{ci,c2) s-^=s^ (loo) 

does generate the Bogolyubov similarity transformations which connect the extended 
in and out states and fields according to the suitable definitions 

*out(a:) = 5-i*(x)5 4'in(:r) = S^{x)S-^ 

|out) = |in) |in) = 5|out) (101) 

Moreover we obtain 

*out(a;) = 5Z w»-(a;) + b| v,_{x)] S 

= E [^3^3-{x)+ ^]v,.{x)] (102) 

*in(a;) = E ^' + (^) + v, + {x)] S 

= E [^3^3+{x) + b>j + (a;)] (103) 
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where, in the case of the spinor QED in a uniform electric field in four spacetime 
dimensions we have e.g. 

u,±{x) = u(p±V(t,r) wj±(x) = v^^^^{t,r) (104) 

Hence, the most general Bogolyubov transformation is nothing but a functional 
rotation in the Fock space with parameter functions {9,z,v) = {0,n) = (ci,C2), the 
generators of which are the pairs emission lit (6*2) ^ pairs absorption Il{9z) and 
the pairs number N{0i>) operators, which actually fulfill the functional commutation 
relations ((79)) arising from the SU(2) Lie algebra. 

Suppose that at a very remote time — 00 the system is in a definite state, 

e.g. the vacuum | in) for instance, so that it contains no physical fermion particles. 
The final state at a very future time t ^ +00 has some calculable probability to 
contain zero, one, two, etc. emitted pairs of fermion particles and antiparticles. For 
example the probability amplitude to remain in the vacuum state, i.e., the probability 
amplitude of emitting no pairs, is given by 

( out I in ) = ( in I 5 I in ) = ( out I 5 I out ) (105) 

For this interpretation to make sense, one has to actually verify that the vacuum to 
vacuum probability 

Wo,f^^ = |(0out|0in)|2 
is not greater than one. To this concern consider the hermitean operator 

N, = ^{AlA,-B,Bl) ^ S-'n,S (106) 

^■k{c*l^a.l - C2th^) {cl^a.^ - C*2 , b ^ ) 

- ^{cith^ + c*2^a,l) {c\^hl + C2ia.i) 

where 




It follows that if we set 

Cj = 2cijC2j, Wj = \c2j\'^ -\cij\'^ (107) 

we can write the following golden operator identity that is valid y i, j, £, . . . e 13 : 

2N, ^ C.'n, + C,Ul + 2w,n, CzC. + w' = l (108) 

It is important to remark that the above equality (|108p holds true thanks to the 
unitarity property satisfied by the Bogolyubov coefficients ci, , C2j ■ Then, for any 
complex distribution function (^(p,r, . . .) ~ (fit , we can write 

2AA((^)= ^ 2N,ip, = J2 (AlA,-B,Bt)(^, 

- n t (C^) + mCip) + 2J{ipw) - ip ■ T(C, C, w) (109) 

where, for example, 

W1—COS.Q1 Cj = sinGj exp{— i(/)i} (ViG0) 

Now, owing to 

27V, I out) ={B,, Bj}|Gout) ^ 5,^\{) out) 

= <5(")(0)|0out) = V„(27r)-"|0out) (110) 
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where V„ denotes the total vohime occupied by a large box in the nth dimensional 
space {n = 1,2,3), then we eventually obtain 

( out I in) = ( out I 5^ I out ) 

= ( out I exp {- 2i Af{ip)} | out ) 

= n exp{-^(^,V„(2^)-"} 

= exp{-zV„(27r)-"E.e£j (m) 
However, according to the natural interpretation which arises from equation ()9ip . it 
is mandatory for consistency to identify 

(Pj = i\nclj=ATgcij + liln\cij\^ (VjeO) (112) 

As a matter of fact, according to Nikishov [TU], the logarithm of vacuum to vacuum 
transition amplitude is provided by 

ln(0out|0in) = ^ (O,out|0,in) 
c^^ = Trlnci 

= V„(2^)-"5] lnci% (113) 

A close comparison evidently yields once again (|112p . As a consequence it is possible 
to express the out vacuum in terms of the in operators in the explicit form 

lOout) =5;M0in) 

= exp{2i7V((/3)} |Oin) 

= exp{-2AA(lncJ)} |Oin) 

= exp{E,eQ B.Bjlnct^} 

X exp{-E,gQ AtA, InclJ |Oin) (114) 
Then from the commutation relations 

[At A,, A^] = -A,(5,^ [B,Bt,A^]=0 (115) 

it immediately follows that, by the very construction, 

A^lOout) = (V>< e Q) (116) 

and in a quite analogous way one can readily check the other relation 

BjOout) =0 (Vj e Q) (117) 

and the corresponding ones under the exchange of in and out. Notice that the 
invertible operator is not unitary, owing to the presence of an imaginary part in 
the distribution function ip — i\n cl . Furthermore, from the golden operator identity 
P08p it follows that we can write 

2Afiip)^ip-TiCX,w)= nt(^C)+n(C¥')+2N(^«;) (118) 

in such a manner that the out vacuum state can be expressed a la Dirac as an infinite 
sea of pairs, i.e., a coherent like state involving any number of pairs of any quantum 
numbers: namely, 

lOout) =5^i|0in) = exp{-2 7V(ln c^)} |Oin) 

= exp{-nt((ln cj) - n(Clncn- 2N(wlncn} |Oin) (119) 
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in which 

Cj = 2cijC2j Wj = \c2j\^ ~\cij\^ (VjGQ) 

Finally, as an example, in the case of spinor QED in the presence of a uniform 
electric field on the four dimensional Minkowski spacetime, i.e. n = 3 , we have 

(Oout |Oin) = exp|-iV(t/ - t,) 2 • 1^ J dV ^(A)| (120) 

with 

V3=V p^ = {py,p,) X={pl+M^)/eE 

in such a manner that we can write 

|(0in|0out)|2 = exp|v(t^-tO^ J dV In |ci(A)|2| 

= exp|v(t/-t,)^ J dV ln(l-e--^)| (121) 
which is nothing but the Schwinger formula. 



5. Discussion and Conclusions 



In this paper I have shown that the processes of emission and absorption of charged 
fermion-antifermion pairs, in the presence of a background uniform electric field, can 
be fully described by means of an algebraic approach based upon the functional 
SU(2) Lie algebra, as obeyed by the pairs operators. Actually, the threesome of 
functional generators of SU(2) are nothing but the pair creation, the pair destruction 
and the pairs number operators respectively. This result allows to put the Schwinger 
pair production mechanism within a rigorous framework of quantum field theory in 
the presence of external, classical, background fields. In particular, the Bogolyubov 
transformations leading to the Bogolyubov coefficients, nicely appears to be nothing 
but a functional rotation in the Fock space. The present derivation is strongly 
tailored to the spinor QED, but is not difficult to imagine that the algebraic approach 
can be generalized to other contexts, such as varying external fields [H], charged 
scalar or vector quantized fields et cetera. Last but not least, even the Bogolyubov 
trasformations relating inertial and noninertial observers and leading to the famous 
Unruh and Hawking effects could be revisited in the light of the algebraic approach. 
This might simplify and clarify the main formulae, once the suitable functional Lie 
groups have been identified. 



Acknovirledgements 

I wish to acknowledge the support of the Istituto Nazionale di Fisica Nucleare, 
Iniziativa Specifica PI13, that contributed to the successful completion of this project. 



Appendix A: the Parabolic Cylinder Functions 

The parabolic cylinder functions, of the special form we are interested in the present 
context, can be defined, e.g., by the integral representation 9.241 1. p. 1092 of ref. [16] 



Canonical quantization with background fields 19 

/oo 
x-'^^^ e-^^"^^'^^'+'^Ux , (122) 
-OO 

where A > , ^ € M , arga;-*^/^ ^ x/2 for a; < , so that 



/oo 
^^A/2g-2x^T2»x(l-0« (123) 
-OO 



After the change of variable x i — > — x 



/oo 
^.A/2g-2.^±2^.(l-^)^ (124) 
-OO 



we eventually come to the conjugation property 

D*_^^/^[±{l + i)i] = i^,;,/2[±(l-*)e], (125) 
as naively expected. The foUowing special values appear in our calculations, 

^±a/2(0)=^-^/^2±^V4rQ±^^ eosh^, (126) 
i?±,,/2_l(0) = ±^7^-V22±W4-l/2^(^±^^ (127) 

A ttA 

± 2 l^±.A/2-i(0)P=±sinh— , (128) 

|i^±.A/2(0)P = cosh^. (129) 

The parabolic cylinder functions fulfill the recursion formulas 

£d,{z)^~]-zD,{z) + uD,_^{z), (130) 
dz 2 

^D,{z)^\zD,{z)-D,+^{z). (131) 
dz 2 

Consider the combination 

D+ = i?-a/2 [ (1 + «) C] ^.A/2 [ (1 - e] 

+ ^^-^A/2-i[(l + «)e]^a/2-i[(l-*)e]. (132) 
From the recursion formula we get 

2^i?-.A/2[(l+*)a^.A/2[(l-*)e] - 

A(l + z)i?_,A/2[(l + i)e]^.A/2-l[(l-*)e] + C.C. 

A ^ i?-a/2-i [ (1 + ^)i]D,x/2-i [ (1 - *) e] = 

- A(l+^)i?_,A/2[(l + ^)e]^^A/2-l[(l-^)e] + C.C, 
so that the above combination I?+ does not depend upon ^ and from the conjugation 
property p25p we can write 

D+= |i^_a/2(0)|' + ^|i?-.A/2-i(0)|' = exp{^A/4}. (133) 
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(134) 
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Let us now consider the further combination 

D- = D_,^/2 [ (1 + ^) e ] [ -(1 - e ] 

- ^ i?-.A/2-l [ (1 + [ -(1 - C ] • 

From the recursion formula we get 

2^{i?.A/2[(*-l)a^-a/2[(* + l)e]} = 

A (1 - i?.A/2 [ - 1) e] ^-«A/2-i [ + 1) e] - 

- A (1 + i?_a/2 [ + 1) e] .A/2-1 [ - 1) a 
A ^ {/?-a/2-i [ + 1) C] ^a/2-1 [ " 1) ^]} = 

A (1 - i?.A/2 [ - 1) e] ^-.A/2-1 [ + 1) - 

- A (1 + i)D_,^/2 [ it + 1) i^.A/2-1 [ - 1) a , 

which leads to the conclusion that also the quantity D_ is independent of ^, and yields 

D- = |i?-,A/2(0)| ' - ^ |i?-.A/2-i(0)| ' = exp{-^A/4} . (136) 

The above important properties of the parabolic cylinder functions can be summarized 
in the remarkable formula 



(135) 



D±= |i?a/2(0)P±^|i?.A/2-i(0)P- exp{±7rA/4}. 
Consider the second order differential equations 

Two pairs of linearly independent solutions for the upper sign equation are 



^2 +e' + A± z)/±(e,A) = o. 



i/i 



/|'^(±e,A) = Z?,,/2-i (±eV2e--/4 



(137) 

(138) 

(139) 
(140) 



while two couples of linearly independent solutions for the lower sign equation are 



/i')(±C,A) =i^,,/2 



^ 7rj/4 



Tri/4 



(141) 



(142) 



To the aim of verifying linear independence we have to compute the wronskian. Let 
us first calculate derivatives by means of the recursion formulae (|130p and (|13ip that 
yield 

d 



37 D-ix/2 
d^ 



J 7ri/4 



iri/4 



and thereby 



W 



/|'^(e,A),/|^^(-e,A) 



iX 

y 



sinh 



ttA 



(143) 
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On the other side we readily find 



W 



fl'^ (± ^, A) , /f ) (± ^, A) - T (1 - exp{ ttX/A} (144) 



and analogous relationships for the other solutions. 

In order to understand the physical meaning of the solutions of the wave field 
equations, we have to analyze the leading asymptotic behavior of the parabolic cylinder 
functions. Then from eq. 9.246 1. p. 1093 of ref. [16] we have 

(^V2eW4) ^ o(^-i) | (f»A>0) 

If instead ^ < -A we have either ^e'^*/'* = l^je^^/^ or else ^e"/^ = | C| e"^''*/^ . 
Now, for arg(^ e'^*/'*) = 57ri/4, no reliable asymptotic expansion is available, so that 
from eq. 9.246 3., p. 1094 of ref. [16_ we obtain the bona fide leading behaviour for 
^ ^ — A < 0: namely. 



-37ri/4 



t2 



(2^^)-/^exp^- — + , (145) 

2 • 



r(l + iA/2) ' ^ ' 18 2 

i?-a/2 (|^|y2e-3W4) ^ (2^2)-W4exp|-^-!| 

Of course, the situation becomes exactly time-reversed for the two other linearly 
independent solutions: namely, for ^ ^ A > we find 



(2^2)«V4exp^ . 



r(l + iA/2) ' ^ ' 18 2 

i?-.A/2 (~eV2e"/4) ^ (eV2e-3-'/4 



- (2a-"/^oxp|-^-f }, (146) 
whereas for ^ <C — A < we obtain 

^-.A/2 (IC|v^e-/4) ^ (2^2)-.A/4,.A/8e^p|_,^2/2} 1 

i?-a/2-i (IC|V2eW4) ^ 0(^-1) | (C« A<0) 

For a given particle momentum = p we shall associate the stationary asymptotic 
phase 

lS.'^{t) = ^eEt^ -pt + p^/2eE ^ S.^{t) ^ eEt - p ^ ut (147) 

to the positive frequency solutions Lot which describe either a particle, i.e. an electron 
of momentum p and charge — e when t — > +oo , or an antiparticle, i.e. a positron 
of momentum ~p and charge e when t — > — cxd . Conversely, the negative frequency 
solutions — (t) associated to the stationary asymptotic phases 

- l^^(t) = -^eEct^ +pct-p^/2eE - \ ^'^{t) ^ - cEt + p ujt (148) 

will instead describe either a particle of momentum p and charge — e or an antiparticle 
of momentum — p and charge e when i — > — cx) . 
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In order to make contact with the celebrated Schwinger's formula (|67p it is expedient 
to turn to the euclidean formulation [17]. To this aim, consider the euclidean Dirac 
operator for an electron 



where 



{T,x,y,z) = {it,x,y,z) 



(149) 



A^^{0,£t,0,0) (150) 
{7p,7.}-2V 7p=7i 7M = (7°,-n') (151) 
in which £ ~ ^ iE is the euclidean electric field. The euclidean Dirac operator is a 
normal elliptic operator so that one can can safely define its complex power and the 
corresponding euclidean effective action in the 1-loop approximation by means of the 
zeta function regularisation [TH],[in]: namely, 



1 c2 d 

" 2^ 2d.5 



i lndet[(^^t + M2)/^2 



Tr [ipp^ + M^)/^i^ 



d^x ijix) { 7p [5p - eAp{x) ]+M} ip{x) 



(152) 



in which /i is a suitable reference mass scale. The euclidean second order differential 
operator turns out to be elliptic and reads 



it 



Ar 



where, of course. 



p = -i V 



-dl + {p^ + eSrf +pI+pI + Af2 + eSa^ (153) 



Furthermore we have 

[~df + {pa, + e£Tf+pl+pl + M^,e£a^]^0 (155) 
and we can easily find the spectrum and degeneracy of the second order differential 



scalar operator — + {px + eSr)^ 
A 



pI+pI 



pI+pI + m^ 



M^: namely, 

Py,PzeR n+leN A = e£'/27r 
It follows therefrom that we can write [16) 



(156) 



d 
ds 



s=0 
d 



(vol) 



s=0 



EL 

eE 



1 



(vol) {eS/Trf 



r(s) Jo 

' 1 



47r2 

dy y^-^e-^y cothy 
/ a\ a'^ /a\' 
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with a = M'^/eE , 5Re s > 2 , where we can identify ( vol ) = V T in which T = i (t/— t , ) 
is the total euclidean time, so that, taking the simplest renormalization prescription 
fi = M into account, we end up with 

';?» = if»-(f)% (157) 



27r2 \V 2e£J^\ ' 2e£ J ^ \ ' 2ef ^ 

On the other hand, from the representation as a series of the Riemann zeta 
function C,{z, q) for 3fie z < , < g < 1 , we have 

2r(i — z).^ , 1 . /„ z'K\ 

2r('l — z), , . , X—^ , 1 / ZTT 

C'{z,q) = ^ / [In 271 - - 2) ] E (27rng + — 

^ ' n=l 

, 2r(l-z) ^^,_i7r 



(27r) 



1-2 



^ „^ 1 I COS (2™q + y ) 



and consequently 

/ AP\ _ 1 ^ 



, — - = — — 7T > cos n — — 

2e£ / 27r2 ^ I e£ 

^ n— 1 ^ 

cos n 



^ n— 1 

-^L- (Inn)cos(n^l 

n— 1 ^ 

1 ^ _2 . / 7rA/2\ 
— — > n sm n — -— 

n— 1 ^ ' 

where C is the Euler-Mascheroni constant. It turns out that the effective lagrangian 
density in the four dimensional Minkowski spacetime is achieved under the inverse 
Wick rotation £ ^ —iE which yields 



27r2 

It follows therefrom that we eventually find 



n— 1 ^ 

in perfect agreement with eq. (|67p together with 



n— 1 
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(159) 



As a consequence, the total rate of pairs production and/or annihilation in the whole 
space and during all the time will be given by the manifestly Lorentz invariant 
expression 

w = l-exp{-2Vr3m/:^^(J")} 

= 1 - exp ^ ^ exp I - I J 

- 4^ '''''^{^J^} 

T= - i F^^ F^'' = - (160) 

when ^ = i t^^^'^ F^j^y Fp„ = E • B = . As a matter of fact, once a uniform 
magnetic field is switched on, orthogonal to the electrostatic field, we have to solve 
the corresponding Dirac equation. Instead of solving explicitely the above equation, 
we can take profit of being within the context of a relativistic theory, so that it is 
expedient to consider a new inertial frame K' moving along the negative OY axis 
with the velocity V2 = —v , v > with respect to the previously considered inertial 
frame K . Then the crossed magnetostatic field does actually appear in K', i.e., 

E' = (F' = 7£;,0,0,) B' ^ {0,0, -fvE = B') 

so that V = {B' /E') . Notice, en passant, that by means of a Lorentz transformation 
and just owing to the Lorentz invariance, we shall be restricted to the case in 
which E' • B' = 0, namely electric and magnetic orthogonal fields, as well asin the 
first two sections E'^ > B'^, that means relatively weak magnetostatic field, viz. 
< u < 1 . The spinor field in the K ' reference frame can be obtained in turn from 
the transformation law 4' '(cc') = A{v) 4'(x) . It follows therefrom, taking eq.s ((24)) . ((27| 
and pO|) suitably into account, that the spinor solutions which describe an incoming 
electron, in the presence of crossed constant electromagnetic fields, can be written as 

(t,r)]' = [2eFA(27r)3]-i/2 exp{ipT - ttA/S} 
X {t; i?a/2 (z-) + T; (1 - i) i A VlBi?a/2-i (z-)} 

with 

t;==a(w)t^ t; = a(w)t^ (^ = 1,2) (161) 

and corresponding rather analogous expressions for all other solutions of the Dirac 
equation. From the Lorentz invariance of the effective lagrangian we immediately 
obtain 

3m£fff(E',B') = 

n— 1 ^ ' ' 

in accordance with the result of refs. [5 . 

If, instead, in addition to the electrostatic field there is also a uniform magnetic 
field not orthogonal to the electric field, then in a suitable Lorentz coordinate system 
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we can always take E and B to be directed along the OX axis. In such a circumstance, 
it turns out that the imaginary part of the effective lagrangian is provided by the 
celebrated Schwinger's formula [13 E] 
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